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We demonstrate that the scaling properties of slab ion and electron temperature gradient driven turbulence
may be derived by dimensional analysis of a drift kinetic system with one kinetic species. These properties
have previously been observed in gyrokinetic simulations of turbulence in magnetic fusion devices.
Predicting the properties of turbulence in magnetic fusion plasmas is a theoretical challenge that has a number of
complications, such as the requirement of a kinetic description, the presence of curved magnetic geometry, and the
interplay of a variety of waves and instabilities. For this reason, exact results obtained in simple limits have special
value. They can, for instance, help identify the essential physical processes, facilitate the validation of numerical
methods for simulating the turbulence, or provide a condition to be satisfied by complicated theories. One such result
is a scaling law, i.e. a relation that expresses the dependence of a turbulence property on basic system parameters (up
to a multiplicative factor). As found in numerical simulations, such laws are actually satisfied in both the tokamak1
and stellarator2 contexts, making their importance significantly more than academic.
In this Brief Communication, it is demonstrated that a number of scaling properties of ion temperature gradient
(ITG) and electron temperature gradient (ETG) driven turbulence can be derived by simple symmetry arguments in
slab geometry. This derivation, following the method of Connor and Taylor 3 , reveals a rigorous basis for the existence
of these laws, with minimal assumptions.
To begin, let us denote the length of the turbulence domain in the z direction (parallel to the mean magnetic field,
B0 = zˆB0) as L‖. In the perpendicular x-y directions, the domain can be assumed sufficiently large to contain many
correlation lengths of the turbulence, but much smaller than the scale of variation of the background plasma. The
x-y domain therefore does not introduce any further characteristic scales to the problem, and we can assume triply
periodic boundary conditions for definiteness.
We consider one kinetic species, which could be either ions or electrons, and the other species is assumed to be
adiabatic. We will thus drop the species labels in what follows. The collisionless gyrokinetic equation, driven only by
a temperature gradient, can be reduced in the limit k⊥ρ≪ 1 to the drift kinetic system
∂f
∂t
+
zˆ×∇φ
B0
·∇f + v‖
∂f
∂z
=
(
vT∗
∂
∂y
− v‖
∂
∂z
)
qφ
T0
F0, (1)
where the perturbed distribution function is f(r, v⊥, v‖, t) where r = xˆx + yˆy + zˆz, we employ the following other
definitions: n0 and T0 are the background density and temperature, v
T
∗ = ρvth/LT [v
2/(2v2th) − 3/2], v
2 = v2⊥ + v
2
‖,
ρ = mvth/(qB0), q is the charge (note that qi = Ze and qe = −e), vth =
√
T/m, L−1T = d lnT0/dx, and F0 =
n0(2πv
2
th)
−3/2 exp[−v2/(2v2th)] is the background Maxwellian distribution. The electrostatic potential φ is determined
by the quasi-neutrality constraint, which can be written as
qτ
T0
L [φ] =
2π
n0
∫ ∞
−∞
dv‖
∫ ∞
0
v⊥dv⊥f, (2)
where τ = T0i/ZT0e for ITG and τ = ZT0e/T0i for ETG, where Z = qi/e. For ITG, we assume a modified Boltzmann
response, where the flux surface average in slab geometry is taken to be an average over the y-z plane:
L [φ] =
{
φ− 1LyL‖
∫
dzdyφ for ITG,
φ for ETG.
(3)
Note that for ITG this implies zero density for the “zonal” component, ky = kz = 0, and therefore to for that
case only, we must also include the zonal vorticity equation (obtained from the gyrokinetic system, including terms
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2of order k2ρ2; see Plunk, Tatsuno, and Dorland 4 Eqn. D.9), which is expressed succinctly in Fourier space, e.g.
φ =
∑
k φk exp(ik · r), as
k2x
∂φk
∂t
=
∑
p,q
ǫ(k,p,q)
B0
φ∗p
[
q2φ∗q − 2p · qχ
∗
q
]
, ky = kz = 0. (4)
where ǫ(k,p,q) = δ(k+ p+ q)zˆ · (p× q) and we define χ = 2π/(qn0)
∫
v⊥dv⊥dv‖(mv
2
⊥/4)f .
Following Connor and Taylor 3 , the scaling behavior of turbulence can be deduced by performing scaling trans-
formations on the fundamental governing equations – by this approach, it was proved that electrostatic gyrokinetic
turbulence must exhibit gyro-Bohm transport scaling5. In the present case, we apply the following nondimensional-
ization:
tˆ =
tvth
L‖
vˆ⊥ =
v⊥
vth
vˆ‖ =
v‖
vth
zˆ =
z
L‖
xˆ =
xLT
ρL‖
yˆ =
yLT
ρL‖
(5)
fˆ =
v3thL
2
T
n0ρL‖
f φˆ =
qL2T
T0ρL‖
φ χˆ =
qL2T
T0ρL‖
χ
The resulting dimensionless equations are
τL
[
φˆ
]
= 2π
∫ ∞
−∞
dvˆ‖
∫ ∞
0
vˆ⊥dvˆ⊥fˆ , (6)
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=
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∂
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∂
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)
φˆ
exp[−vˆ2/2]
(2π)3/2
, (7)
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[
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∗
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]
, kˆy = kˆz = 0, (8)
where ∇ˆ is the gradient in the normalized variables, and we note the distinction between the normalized coordinates
zˆ, etc., and the (bold) basis vectors zˆ, etc. The only remaining system parameter in the normalized system, which
appears only in Eqn. 6, is the temperature ratio τ , defined above, and therefore the properties of the turbulence
as measured in the normalized variables, e.g. characteristic amplitudes and scales, etc., can depend only on τ .
Consequently, the characteristic scales in the x and y direction, although they need not be the same, must scale as
ρL‖/LT , and the characteristic time must scale as L‖/vth, and so forth, in accordance with the transformation 5.
Furthermore, writing the heat flux in terms of the dimensionless quantities, we obtain the scaling law
Q = vthn0T0
ρ2L‖
L3T
Qˆ, (9)
where the dimensionless quantity Qˆ = 2π
∑
kˆ
ikˆyφˆkˆ
∫
vˆ⊥dvˆ⊥dvˆ‖fˆkˆvˆ
2/2 can only depend on τ , as mentioned. This
is the scaling obtained by Barnes, Parra, and Schekochihin 1 for ITG turbulence in the tokamak context. We have
derived it, however, for both ETG and ITG turbulence in the slab context, while avoiding assumptions such as isotropy
in the x-y plane, and other conjectures. Note that in either the ETG or ITG case, the system is inherently anisotropic
(in the x-y plane) due to the drive (vT∗ ) term, so it is significant that x-y isotropy is not needed to derive the scaling
laws. For the case of ITG, in particular, we can conclude that the characteristic length scale associated with the zonal
component must have the same scaling as that of the non-zonal part of the turbulence, though the turbulence need
not be strictly isotropic – i.e. there can be some (τ -dependent) asymmetry to the x-y spectrum.
It should be noted that the above derivation relied on the presence of only a single drive, the temperature gradient,
and the absence of a (stabilizing) density gradient – the drift kinetic system therefore has no critical temperature
gradient below which the ITG mode is stable. In the presence of a finite density gradient, the scaling should thus only
be expected to apply for temperature gradients well above the critical one. Nevertheless, the approach applied here
might also be applied to other cases where a single drive mechanism is dominant, e.g. the parallel velocity gradient, or
3the density gradient, to obtain similar scaling laws. This could be useful for studying turbulence in different magnetic
confinement devices, where the presence (or absence) of such ideal scaling behavior could give a hint about the relative
importance of the underlying instabilities and related saturation mechanisms.
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